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THE CAUCHY PROBLEM FOR THE SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS DESCRIBING NONSIMPLE THERMOELASTICITY
Abstract. The aim of this paper is to derive a formula for the solution to the Cauchy problem for the linear system of partial differential equations describing nonsimple thermoelasticity. Some properties of the solution are also presented. It is a first step to study the nonlinear case.
The theory of nonsimple elastic and thermoelastic materials was studied in various papers. R. A. Toupin [4] derived for the first time the equations of motion, constitutive equations and boundary conditions of the straingradient theory in general nonlinear form. On the basis of the conservation principle, R. D. Mindlin and N. N. Eshel [2] obtained the linear theory of elasticity in which the potential energy density depends not only on the strain but also on the gradient of the strain. G. Ahmadi and K. Firoozbakhsh [1] derived the strain-gradient theory of thermoelasticity based on the ClausiusDuhem inequality.
In this paper we consider the following initial value problem:
where x ∈ R 3 , u : R + × R 3 → R 3 , θ : R + × R 3 → R, u denotes the displacement, θ the temperature disturbance, f is a given vector-valued function on [0, ∞) × R n and g is a given function also on [0, ∞) × R n ; c 1 , c 2 , l 1 , l 2 , m, k, c, , T 0 are some constant physical parameters.
The main results of this paper are the exact formula for the solution (u, θ) of the Cauchy problem (1)-(2) and the following theorem:
). This solution satisfies, for some constant C 1 , the estimates
).
Now we derive the formulae for the Fourier transform of the solution to the Cauchy problem (1)- (2) . Let u t = v. Then the system (1) can be rewritten in the form u t = v,
or briefly
where
We denote by P (D x ) the differential operator with symbol P (ξ). It can be shown that
The characteristic polynomial of the matrix P (ξ) has the form
where C = m 2 T 0 c |ξ| 2 . It will be shown that the polynomial (4) κ
does not have multiple roots for all ξ except possibly at most twelve values of |ξ| > 0, and the roots have negative real parts (for ξ = 0). Let w = rot u.
Applying the rotation operator to the first equation of the system (1) we get the equation
with initial data
Thus for the Fourier transform of w with respect to the spatial variables we obtain the Cauchy problem
The initial-value problem (6) has, for appropriate functions f, u 0 , u 1 , the unique solution
Now, when applying the divergence operator to the first equation of the system (1) and using the notation e = div u, we obtain the system
Hence
Applying the Fourier transform with respect to the spatial variables we get
Let e t = v. Then
This system can be expressed in the simple form
and A is the matrix of coefficients. It can be easily seen that
The polynomial κ(λ) is stable, i.e. all its roots have negative real parts (for ξ = 0). This follows from [3, Theorem 6]. According to that theorem, if all principal minors of the matrix
are positive, then the polynomial d 0 λ 3 +d 1 λ 2 +d 2 λ+d 3 with d 0 > 0 is stable. Clearly, for the polynomial κ(λ) this condition is fulfilled. The polynomial κ(λ) has three distinct roots (almost everywhere with respect to ξ ∈ R 3 ).
. We obtain z 3 + pz + q,
Recall that the polynomial z 3 + pz + q and also κ(λ) has multiple roots iff
The last equation as an equation of order 12 (with respect to |ξ| = 0) has at most 12 positive roots. Putting G = 0 in the system (8) we obtain the following initial-value problem:
The solution of this problem is
The coefficients in (9) can be calculated by using Viète's formulas:
Puting f = 0 in formula (7), from the definition of the function e we get
Then u can be expressed as follows:
Hence for f = 0, g = 0 we obtain
Now we construct a solution of the initial value problem (1) with null Cauchy data. We know that (cf. (7))
To find the fundamental solution of (8) one has to solve the problem
where Y = {H ij } is a matrix with columns Y 1 , Y 2 , Y 3 . After a simple calculation we get
Therefore the fundamental solution is equal to H = h(t){H ij }, where h denotes the Heaviside function. The solution of (8) with
The solution of the problem (1) is of course the sum of the solutions of (10) and (11).
For further investigation of this solution we derive the asymptotic behaviour of the roots λ 1 , λ 2 and λ 3 . For |ξ| → 0 we get
and for |ξ| → ∞,
Proof of Theorem 1. Let ξ = 1 + |ξ| 2 , · L 2 = · and let C 1 denote a large constant. Note that h 1|t=0 = 1, and in view of the asymptotic behaviour and the properties of λ 1 , λ 2 , λ 3 , the function h 1 is bounded. Hence
Note that h 2|t=0 = 0, h 2 = h 2 (θt)t, θ ∈ (0, 1), and hence
Moreover, h 1|t=0 = 0, and therefore
Also, h 2|t=0 = 0, h 2 λ k is bounded, and so
Next, h 3|t=0 = 1, and therefore
Since H 12|t=0 = 0 we have .
The other elements of u 2 s , θ 2 s can be estimated by using the inequality ab ≤ 
